We study relaxation of a moving spin qubit caused by phonon noise. As we vary the speed of the qubit, we observe several interesting features in spin relaxation and the associated phonon emission, induced by Doppler effect. In particular, in the supersonic regime, the phonons emitted by the relaxing qubit is concentrated along certain directions, similar to the shock waves produced in classical Cherenkov effect. As the speed of the moving qubit increases from the subsonic regime to the supersonic regime, the qubit experiences a peak in the spin relaxation rate near the speed of sound, which we term a spin relaxation boom in analogy to the classical sonic boom. We also find that the moving spin qubit may have a lower relaxation rate than a static qubit, which hints at the possibility of coherence-preserving transportation for a spin qubit. While the physics we have studied here has strong classical analogies, we do find that quantum confinement for the spin qubit plays an important role in all the phenomena we observe. Specifically, it produces a correction on the Cherenkov angle, and removes the divergence in relaxation rate at the sonic barrier. It is our hope that our results would encourage further research into approaches for transferring and preserving quantum information in spin qubit architectures.
I. INTRODUCTION
Electron spin qubit is a promising candidate for realizing quantum computing because of its long coherence time [1] [2] [3] [4] . It has attracted extensive research interests over the past decade, with studies mostly focusing on the fabrication and manipulation of spin qubits confined in a fixed quantum dot or dopant ion [5] [6] [7] .
In a large-scale quantum information processor, it is inevitable that quantum information is transferred over finite distances frequently. One straightforward way to achieve such communication is to move the qubits themselves directly. There are several proposed schemes on how to move spin qubits efficiently [8] [9] [10] [11] [12] [13] [14] [15] [16] , where the motion of the confined electron can be induced by either varying gate voltages or a surface acoustic wave (SAW). However, introducing this orbital (albeit controlled) dynamics could weaken the orbital quantization that gives rise to the long spin coherence times. For instance, in Ref. [17] we have shown how electrostatic disorder in the substrate may cause relaxation of a moving spin qubit through spin-orbit interaction. Nevertheless, more studies are still needed to clarify decoherence of a moving spin qubit.
Doppler effect is a commonly observed phenomenon when an object is moving, where an observer hears different pitches from the horn of an approaching and a departing vehicle. When the velocity of the object is larger than the speed of the waves produced by the motion, a directional shock wave (Cherenkov effect) can be observed, * xzhao34@buffalo.edu † peihao.huang@csun.edu ‡ xhu@buffalo.edu from the wake of a speeding boat, to the sonic boom from a supersonic airplane, to Cherenkov radiation from a fastmoving charge in a material with high refraction index [18] [19] [20] [21] . Classically (as depicted in Fig. 1 ), a superposition of the spherical waves emitted by a moving object at different moments form a straight-line wavefront BC, and the wavefront propagates in the AC direction, at the Cherenkov angle from the motion direction:
Since Cherenkov radiation is highly directional, it is often used to detect properties of moving charged particles.
Here we study how motion of a spin qubit could modify its relaxation due to spin-orbit interaction and electronphonon interaction [22] [23] [24] [25] . In particular, we identify different regimes of quantum dot moving velocity where we can find analogues of Doppler effect, Cherenkov radiation, and sonic boom in the spin relaxation and the associated phonon emission. More specifically, when the quantum dot (QD) moves with a speed lower than the speed of sound, the energy of an emitted phonon is dependent on the direction of emission, similar to the Doppler effect. When the QD moves faster than the speed of sound, the dominant contributions to spin relaxation come from phonons emitted along certain directions, similar to the classical Cherenkov effect. Our calculation predicts a small correction to the Cherenkov angle caused by the quantum confinement. In the transition from subsonic to supersonic regime, we observe a peak in spin relaxation rate, which we term as a spin relaxation boom in analogy to the classical sonic boom. The rest of the paper is organized as follows. In Section II we present our theoretical model and the derived spin relaxation rate. In Section III we analyze the angular distribution of the emitted phonons, focusing on the Cherenkov effect of directional phonon emission and effects of quantum confinement. In Section IV we clarify the overall spin relaxation in the different regimes of QD motion, with particular focus on spin relaxation boom and motion-dependence of the spin relaxation rate. In Section V we discuss the implications of our results, and in Section VI we present our conclusions. In addition, in the Appendices we give brief summaries of our theoretical derivations with regard to spin-orbit interaction in the context of a moving spin qubit.
II. MODEL AND SOLUTION
The system we consider is a single electron confined in a moving QD formed from a two-dimensional electron gas (2DEG), as is shown in Fig. 1 . The qubit (electron) is moved at a constant speed v 0 , presumably achieved by programming the gates or using the surface acoustic waves. Conceptually, to ensure such a uniform linear motion for the electron, there has to be an external driving force, which we treat as a classical force. The total Hamiltonian [17, 22, 24] is given by
Here
is the orbital Hamiltonian for the moving QD, where π = −i ∇ + (e/c)A(r) is the 2D momentum operator of the electron, and m * is the effective mass of the electron. The motion we considered is linear: r 0 (t) = v 0 t, and the QD confinement potential U (r − r 0 ) =
2 gµ B B 0 · σ is the Zeeman Hamiltonian, with B 0 the applied magnetic field. H SO = β − π y σ x + β + π x σ y is the spin-orbit (SO) interaction, where β ± = β±α give the SO coupling strength, with α and β being the strengths of Rashba [26] and Dresselhaous [27] SO interaction, respectively. Lastly, the electron-phonon interaction is given by [22, 24, 28] 
where b † qj and b qj are the creation and annihilation operators for an acoustic phonon with wave vector q = (q , q z ) and branch index j, and ρ c is the density of the material. The function F (q z ) = exp − q 2 z 2d 2 models the confinement along z direction, where d is the characteristic width of the quantum well. We take into account both piezoelectric potential (β qj ) and deformation potential (Ξ qj ) in the electron-phonon interaction [28, 29] . By performing a Schrieffer-Wolff transformation to remove the SO coupling term to the first order [17, [22] [23] [24] 30 ], which we briefly summarize in Appendix A, the effective spin Hamiltonian can be obtained
where ∆B = 2m * gµB (β − v 0y , β + v 0x , 0) is a motion induced constant magnetic field for the spin, and δB(t) = 2B 0 × Ω(t) is the motion induced magnetic noise, where the time-dependent function Ω(t) originates from the phonon environment
Here |ψ is the instantaneous orbital ground state of the QD, so that ψ| exp(iq
where
is the total confinement length of the QD.
With the effective Hamiltonian (4), the spin relaxation rate can be obtained as (the detailed derivation is summarized in Appendix B)
of the two types of electron-phonon interaction, namely the deformation potential and the piezoelectric potential. N wz = e wz/T − 1 −1 is the number of phonons with frequency w z at thermal equilibrium. The factor F SO in Eq. (7) describes the angular dependence of the magnetic noise on the direction of the applied field, which can be expressed as
. Lastly, the angular dependence of kernel function f , and therefore the spin relaxation rate 1/T 1 , depends on a direction-dependent "shifted frequency" for the phonons,
instead of the spin Zeeman splitting
. This is the Doppler shift in the context of moving spin relaxation.
In this model, spin relaxation is caused by the interaction between the electron and phonons from all directions. The double integration over θ and φ in Eq. (6) originates from the summation qj over all the phonon wave vectors q in Eq. (3). Therefore, the kernel function f (w z , θ, φ) describes contributions by phonons emitted or absorbed in the infinitesimal solid angle dθdφ around (θ, φ). In our numerical calculations, we use typical parameters in a GaAs QD. There is one branch of longitudinal acoustic (LA) phonons, and two branches of transverse acoustic (TA) phonons. v 1 = 4730 m/s is the sound speed of the LA phonons, while v 2 = v 3 = 3350 m/s are the sound speed of the TA phonons. The strength of the deformation potential is Ξ 1 = 6.7 eV. The strengths of the piezoelectric interaction are
, where h 14 = −0.16 C/m 2 and κ = 13.1 [22] . With the help of the analytical expression of the relaxation rate, in the next two Sections we examine in detail the features of the angular dependence of the kernel function f and the total relaxation rate 1/T 1 for the moving spin qubit.
III. DIRECTIONAL PHONON EMISSION: DOPPLER EFFECT AND CHERENKOV RADIATION
In this Section we analyze the angular dependence of the phonon emission (in terms of the kernel function f ) from the relaxing spin qubit in different regimes of QD moving speed. In particular, in the subsonic regime, we find the Doppler effect, in which phonons emitted in different directions have different frequencies. In the transonic regime we find the formation of a shock wave front and its bifurcation into two directions as the QD speed passes the speed of sound. Lastly in the supersonic regime we find a phonon analog of Cherenkov radiation, and identify a quantum confinement induced correction in the Cherenkov angle.
A. Doppler effect
When a QD moves relative to the lattice with a speed smaller than the speed of sound, the frequency of the phonon emitted or absorbed is shifted with a Doppler factor 1 1−ξj , as indicated in Eq. (9) . In particular, in the forward direction (φ − φ v = 0 and θ = π/2), an emitted phonon has an increased frequency ω Z /(1 − v 0 /v j ), while in the backward direction the phonon frequency is reduced to ω Z /(1 + v 0 /v j ). These shifts are exactly as one would find in the classical Doppler effect.
It may seem puzzling that the energy quantum carried by the emitted phonon is not the same as the Zeeman splitting of the spin qubit. The discrepancy here can be accounted for by the fact that the moving quantum dot is an open system. It is driven by a classical force that comes from either programmed gate potential or the large number of phonons in an SAW. The excess or shortage of energy in the spin relaxation is absorbed/added by the classical "reservoir".
B. Breaking the sound barrier
If the moving spin qubit acts classically, the transition from subsonic regime to supersonic regime (the transonic regime) for the moving spin qubit would be well represented by Fig. 1 (b) , (c), and (d). At low speeds, presented in panel (b), there is no strongly directional emission. As the QD moving velocity becomes equal to the sound velocity, as indicated in panel (c), a single forwardpropagating shock wave front is formed. When the moving velocity is larger than the critical velocity (d), the single shock wave front splits into two (We only consider the x − y plane. In 3D the wave front is conical).
Quantum mechanically, we find that the moving spin qubit indeed follows qualitatively the classical behavior. Figure 2 shows the QD speed v 0 and angle φ dependence of the kernel function f (we have chosen θ = π/2 to maximize f ). When v 0 < v 1 [31] , the angular distribution is relatively flat. When taking into account that phonon emission in spin relaxation is enabled by spin-orbit interaction, there is a pretty strong sin 3 θ cos 2 φ angular dependence for f , so that emission along directions perpendicular to the direction of motion is suppressed. However, emissions along all other directions are allowed. When v 0 ≈ v 1 , the angular distribution in the xy plane rapidly becomes concentrated around φ = 0
• , as φ = 0
• is a singularity of w z when v 0 = v 1 . Finally, when v 0 > v 1 , the angular distribution in the xy plane is split into two branches. Each branch corresponds to an angle φ that gives the peak value of the kernel function f . As the moving velocity gradually increases from the subsonic regime to the supersonic regime, the kernel function gradually concentrates into the two bifurcating angles.
The transitions through the transonic regime can be more quantitatively seen from the cross sections given in Fig. 2 (b) . For v 0 = 2000 m/s, which is subsonic, the kernel function is smooth and has a small magnitude. At v 0 = 4560 m/s, the speed of sound for the LA phonons, a large peak appears at φ = 0. Notice that the logarithmic scale has made this peak appears to be broader than it really is (the logrithmic scale is necessary for us to see the subsonic value of f ). The two side peaks are the shock waves produced by the TA phonons, for whom the moving dot is already supersonic. Lastly, at v 0 = 6000 m/s, the moving qubit is supersonic with respect to both LA and TA phonons. Thus two sets of shock wave peaks appear for the kernel function in this case.
C. The Cherenkov effect
We now examine the supersonic regime more closely, where we find clear evidence of Cherenkov radiation of phonons from the moving spin qubit. In Fig. 3 , we plot the kernel function f as a function of azimuthal angle θ and polar angle φ when the QD speed is v 0 = 6000 m/s, larger than the speed of sound for both LA (v 1 ) and TA (v 2 ) phonons. Clearly, the dominant contribution to spin relaxation is concentrated in two particular directions in the xy plane (at φ ≈ ±40
• and θ ≈ 90 • ). These peaks come from deformation potential interaction with LA phonons. Two much smaller peaks appear near φ ≈ 60
• and θ ≈ 90 • ), which originates from piezoelectric interaction with TA phonons.
Strong angular concentration is a typical characteristic of the Cherenkov effect. In the current case, the emitted/absorbed phonons have a Doppler shifted frequency of w z = ω Z /(1 − ξ j ). Without considering the quantum confinement effect embodied by the cutoff functions F z and F xy , the kernel function f in Eq. (7) is proportional to w 4 z (we limit our consideration here to the deformation potential interaction with LA phonons. The discussion is similar when piezoelectric interaction dominates), and diverges when ξ j = 1. Thus the angular distribution should peak along the directions given by ξ j = 1, i.e.,
which is identical to the classical Cherenkov relation in Eq. (1). For the parameters used to generate Fig. 3 , Eq. (10) gives a Cherenkov angle of φ C ≈ 38
• at θ = π/2, only slightly smaller (although qualitatively significant, as we discuss in the next subsection) than the numerical value give in the figure.
In addition to the small discrepancy in the Cherenkov radiation angle, a more significant difference between Eq. (10) and Fig. 3 is that the equation predicts a conical wave front for the shock wave, while the numerical results present in the figure have a strong two-dimensional characteristic. The bend in the peaks in Fig. 3 can be explained by the sin θ factor in Eq. (10), but the suppression of the peaks away from θ = π/2 cannot. We need to include all the factors in Eq. (7) to explain this difference, as we will do in the next subsection.
D. Quantum correction on Cherenkov angle
While Eq. (10) is consistent with the classical result, our situation of the moving spin qubit is more nuanced. Indeed, ξ j = 1 would lead to a diverging phonon frequency w z , which is clearly unphysical. A more accurate description of the phonon Cherenkov radiation from a moving spin qubit can only be obtained when quantum confinement effects are taken into account.
Mathematically, quantum confinement effects are incorporated in the cutoff functions F z and F xy in Eq. (8) , which are exponentially decaying functions of the phonon frequency w z . Since F z and F xy decay much faster than the increase in the power function w 4 z , the singularity of w z → ∞ is eliminated, and the peak value of the kernel function f is shifted from infinity to a large yet finite number. Physically, the cutoff functions are simply a reflection of the phonon bottleneck effect [32, 33] : for an electron with a finite width λ in its wave function, the interaction matrix element e iq ·r is suppressed if the phonon wave length is much smaller than λ.
For a gated QD in semiconductor nanostructures (such as a gated depletion dot from a two-dimensional electron gas), the confinement in z direction (growth direction) is much stronger than those in the xy directions (in-plane directions), so that phonons are only emitted in the xy plane. This explains the more two-dimensional nature of f in Fig. 3 , instead of a conical shape. When confined to the xy plane, the kernel function f is reduced to
with ξ j = v0 vj cos φ (assume φ v = 0). Now the kernel function f depends on the phonon frequency w z as f ∝ w
z when confinement effect is not included). The peak of f thus appears at
Using the parameters in Fig. 3 , the peak value of f occurs at w z = 8.9 × 10 11 s −1 , while the Zeeman frequency is 3.87 × 10 10 s −1 (at B = 1 T). With w z /ω Z ≈ 23, the phonon energy has been Doppler-shifted greatly, from about 25 µeV for ω Z to nearly 600 µeV for w z . Recall that w z = ωZ 1−v0 cos φ/v1 , Using Eq. (12) it is straight forward to obtain
Clearly, quantum confinement for the spin qubit leads to the correction term − ωZ λ 2v0 . Using the parameters in Fig. 3 , with an applied field of 1 T and QD speed of v 0 = 6000 m/s (with the speed of sound for LA phonons at v 1 = 4730 m/s in GaAs), we obtain φ ≈ ±40
• .
This is consistent with the results shown in Fig. 3 , where the peak in the kernel function f appears at φ ≈ ±40
• for θ = π/2. In short, a combination of the Cherenkov effect and quantum confinement leads to the results presented in Fig. 3 . The quantum confinement for the QD that carries the spin qubit makes the phonon emission more twodimensional. It also suppresses the electron interaction with higher-energy phonons, leading to a small correction to the Cherenkov radiation angle and a significant modification to the energy of the radiated phonons. Another consequence of the quantum confinement is that the velocity when "spin-relaxation boom" occurs is also slightly shifted, as we discuss in the next Section.
IV. SPIN RELAXATION IN A MOVING QUANTUM DOT
In the last Section we have examined in detail the angular behavior of phonon emission in the relaxation of a moving spin qubit. In this Section we focus on the integrated effect of QD motion on spin relaxation. We are particularly interested in how spin relaxation varies with the speed of the QD motion and the applied magnetic field.
Classically, the drag force on an aircraft increases sharply when the aircraft velocity approaches the sound barrier. This is the so-called sonic boom. We find a similar behavior in the relaxation rate for a moving spin qubit. In Fig. 4 , we plot the spin relaxation rate 1/T 1 as a function of the QD speed v 0 . The curve of the total relaxation rate (black, dot-dashed) peaks at the two sound barriers due to TA (at v 2 = v 3 ) and LA phonons (at v 1 ). Each peak for a single type of phonons (for example, the red curve for the LA phonons) is similar to the PrandtlGlauert singularity [34] for the classical "sonic boom". These peaks can thus be named "spin-relaxation boom". The total relaxation is a simple sum of contributions from LA and TA phonons. The quantum confinement again produces some modifications to these booms. First, the singularities are eliminated and broadened into smooth and finite peaks. Second, the peaks are shifted downward from v 1 and v 2 .
One implication of the spin relaxation booms presented above is that a spin qubit can relax slower when the QD moves faster, as evidenced by the curves in Fig. 4 . In Fig. 5 (a) we give a more comprehensive plot of this velocity dependence. Here we plot the spin relaxation rate as a function of the moving velocity v 0 and the magnetic field B 0 . When the external magnetic field is weak (e.g., B 0 ≈ 2 T), the relaxation rate increases with the moving velocity. But when the external magnetic field is strong (e.g., B 0 > 5 T), the relaxation rate becomes a decreasing function of the moving velocity. This somewhat counterintuitive feature can be understood with the help of the "shifted frequency" w z for the emitted phonon, which depends on both the magnetic field B 0 and the moving velocity v 0 . When the moving velocity is fast, the Doppler effect is strong, leading to the "shifted frequency" to get into the range where phonon bottleneck effect suppresses electron-phonon interaction, as we have discussed in subsection III D. The "shifted frequency" w z also depends on the magnetic field B 0 . In a strong field, the Zeeman frequency ω Z is already close to the bottleneck regime. It is thus much easier for Doppler effect to shift the frequency higher and suppress the phonon coupling.
Our observation here indicates that a moving spin qubit may have an even lower relaxation rate than a static spin qubit. While "motional narrowing" is a common occurrence in spin resonance experiments [35] , suppressing decoherence by moving a spin qubit faster in a nanostructure setting is still an intriguing proposition. In Fig. 5  (b) , we plot the partial derivative of 1/T 1 with respect to v 0 . Here the white region indicates where spin relaxation can be suppressed by increasing the moving velocity, since in this region the partial derivative of 1/T 1 with respect to v 0 is negative. On the other hand, in the yellow region the partial derivative with respect to v 0 is positive, and relaxation becomes faster when the spin qubit moves faster. In short, the motional narrowing effect here shows the possibility of coherence-preserving transportation of a spin qubit.
V. DISCUSSIONS
Our study shows that in the supersonic regime for a moving spin qubit, only phonons emitted or absorbed in certain directions make notable contributions to qubit relaxation. As is shown in Fig. 3 , the kernel function f for the spin relaxation rate 1/T 1 is non-zero only in certain directions in the xy plane. With this strong angular anisotropy, it is natural to consider whether we could eliminate spin relaxation by suppressing the electronphonon interaction in certain directions. For example, if a phonon cavity is set up in a certain direction, the frequencies of phonon modes in that direction become discrete, making it possible to filter out important frequencies and to suppress electron-phonon interaction at those frequencies.
The narrowly directional phonon emission from the moving spin qubit may also be used as a source of phonons. Imagine an SAW provides a stream of excited spins and they also emit phonons in one direction. If a phonon cavity is set up along that direction and is on resonance with the emitted phonons, it may be possible to create stimulated emission, even lasing, of phonons in that mode [36] .
The interesting features in phonon emission and spin relaxation we have explored here could be useful in monitoring and detecting the spin decoherence process. Conversely, knowing the phonon emission angle precisely may allow continuous monitoring of the environment, which could in turn provide more accurate information to possible feedback operations in a quantum feedback control [37, 38] or quantum state restoration [39, 40] scheme. In an open quantum system, the information stored in the system constantly leaks into its environment. By measuring the environment in particular ways, however, the lost information could be fully or partially regained. It is thus possible to restore a system to its initial state by performing certain operations [40] . Our results about the angular distribution of phonon emission may provide a guidance on measuring the phonon environment: we can place the phonon detectors in selected directions [precisely predicted by Eq. (13)] since only phonons in those directions make significant contributions to spin relaxation.
VI. CONCLUSIONS
In this work we have studied decoherence of a moving spin qubit caused by phonon noise through spin-orbit interaction. We find that the QD motion leads to Doppler shifts in the emitted/absorbed phonons by the moving spin qubit. When the moving velocity is larger than the sound velocity in the material, spin relaxation is dominated by phonon emission/absorption in certain directions. The physics here is similar to the phenomenon of classical Cherenkov radiation. We derive an explicit formula for the quantum confinement correction to the Cherenkov angle. We also find a "spin-relaxation boom" when the moving QD break the sound barriers, in analogy to the classical sonic boom. The spin relaxation rate peaks when the QD velocity matches the speed of sound for a particular phonon branch. It is possible to reduce decoherence by increasing the moving velocity. Indeed, in the supersonic regime, the moving spin qubit may have an even lower decoherence rate than a static qubit.
Our study on the relaxation of a moving spin qubit sheds new light on the topic of spin-phonon interaction in a semiconductor nanostructure. There could be significant implications in a wide range of subject areas, from quantum coherent operations such as transferring and preserving quantum information to more classical applications such as coherent phonon optics.
